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Abstract
We consider upper bound graphs with respect to operations on graphs, that is, the sum, the
Cartesian product, the composition, the normal product of graphs and so on. According to the
characterization of upper bound graphs, we deal with characterizations of upper bound graphs
obtained by graph operations on upper bound graphs. For example, for upper bound graphs G
and H with jV (G)j>2 and jV (H)j>2, the composition G[H ] is an upper bound graph if and
only if H is a complete graph, or the conjunction G ^ H is an upper bound graph if and only
if E(G)= ; or, E(H)= ; or, G=K1; n and H =K2. c© 2000 Elsevier Science B.V. All rights
reserved.
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1. Introduction
In this paper, we consider nite undirected simple graphs. For a vertex v in G,
the neighborhood of v is the set of vertices which are adjacent to v, and denoted
by NG(v). For a poset P=(X;6), the upper bound graph (UB-graph) of P is the
graph U =(X; EU ) where uv2EU if and only if u 6= v and there exists m2X such
that u; v;6m. We say that a graph G is a UB-graph if there exists a poset whose
upper bound graph is isomorphic to G. This concept was introduced by McMorris and
Zaslavsky [3]. A characterization of upper bound graphs can be found in [3] as follows:
A clique in the graph G is the vertex set of a maximal complete subgraph, and a family
C of complete subgraphs edge covers G if and only if for each edge uv2E(G), there
exists C 2C such that u; v2C.
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Theorem 1 (McMorris and Zaslavsky [3]). A graph G is a UB-graph if and only if
there exists a family C= fC1; : : : ; Cng of complete subgraphs of G such that
(i) C edge covers G; and
(ii) for each Ci; there is a vertex vi 2Ci − (
⋃
j 6=i Cj).
Furthermore; such a family C must consist of cliques of G and is the only such
family if G has no isolated vertices.
For an edge clique cover C= fC1; C2; : : : ; Cng satisfying the conditions of
Theorem 1, a representation vertex set R(C) on C is a vertex subset fv1; v2; : : : ; vng
such that vi 2Ci − (
⋃
j 6=i Cj) for each i=1; : : : ; n. A vertex v is called a simplicial
vertex if NG(v) is a complete subgraph. Each vertex vi 2R(C) is a simplicial vertex.
The operations we consider in this paper are union, complement, sum, corona, Carte-
sian product, composition, normal product and conjunction. The union of UB-graphs is
also a UB-graph. We already considered the complement G of a UB-graph G in [1].
Based on Theorem 1, we obtained the following result. A graph G is dened to be
split, denoted G= S + K if there is a partition V (G)= S [K of its vertex set into an
independent set S and a set K which in G spans a complete graph.
Theorem 2 (Era and Tsuchiya [1]). Let G be a connected graph. Then both G and
its complement G are UB-graphs if and only if G=K + S is a split graph; where K
is a clique and S is an independent set; satisfying one of the following conditions:
(1) there exists a simplicial vertex belonging to K; or
(2) for each edge e= uv in K; there exists a vertex w2 S such that fu; vgNG(w);
and for each pair of vertices x; y2 S; there exists a vertex v2K such that
fx; yg\NG(v)= ;.
In the following, we consider graphs obtained by other operations on graphs.
2. The sum of upper bound graphs
The sum G+H of two graphs G and H is the graph with the vertex set V (G +
H)=V (G)[V (H) and the edge set E(G + H)=E(G)[E(H)[fuv; u2V (G); v2
V (H)g. For posets P and Q, the join of P and Q is the poset PQ on the union
P [Q such that x6y in PQ if (a) x; y2P and x6y in P, or (b) x; y2Q and x6y
in Q, or (c) x2P and y2Q. Since for each pair x; y2P, there exists an upper bound
in PQ of x; y, if G is a complete graph, G + H is a UB-graph of PG PH , where
PG and PH are posets whose UB-graphs are G and H . So we have the following result.
Proposition 3. For UB-graphs G and H; G+H is a UB-graph if and only if G or
H is a complete graph.
Proof. If G is a complete graph, G+H is a UB-graph of PG PH , where PG and PH
are posets whose UB-graphs are G and H . Conversely, we assume that both G and H
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are not complete graphs. Let G= fG1; G2; : : : ; Gmg be an edge clique cover of G and
H= fH1; H2; : : : ; Hlg be an edge clique cover of H , where each Gi and each Hj are
maximal cliques. Then every Gi [Hj is an maximal clique in G+H , but all vertex in
Gi [Hj belong to other maximal cliques. Thus G+H is not a UB-graph.
3. The corona of upper bound graphs
The corona G H of two graphs G and H is dened as the graph obtained by taking
one copy of G and jV (G)j copies of H , and then joining the ith vertex of G to every
vertex in the ith copy of H . If E(G)= ;, then G H is the union of jV (G)j copies of
H + K1. We have the following result.
Proposition 4. For UB-graphs G and H; G H is a UB-graph if and only if E(G)= ;.
Proof. If E(G)= ;; then G H is the union of jV (G)j copies H +K1 and a UB-graph.
If E(G) 6= ;; then there exists a maximal clique of G H which is contained the copy
of G and does not have simplicial vertices. Thus G  H is not a UB-graph.
4. The Cartesian product of upper bound graphs
The Cartesian product GH of two graphs G and H is the graph with vertex
set V (GH)=V (G)V (H); where the second  is the set Cartesian product, and
edges dened as follows: (u1; v1) is adjacent to (u2; v2) if either u1 = u2 and v1 is
adjacent to v2 in H , or u1 is adjacent to u2 in G and v1 = v2. If E(G)= ;; then GH
is the union of jV (G)j copies of H .
Proposition 5. For connected graphs G and H; GH is not a UB-graph; where
jV (G)j>2 and jV (H)j>2.
Proof. Let (u; x) be a vertex of GH . Since G is connected and jV (G)j>2; there ex-
ists an edge uv in G. And also there exists an edge xy in H . Then (u; x)(u; y); (u; x)(v; x)
2E(GH) and (u; y)(v; x) 62E(GH). Thus, NGH ((u; x)) is not clique and (u; x) is
not a simplicial vertex. Thus GH is not a UB-graph.
5. The composition of upper bound graphs
The composition G[H ] of two graphs G and H is the graph with the vertex set
V (G[H ])=V (G)V (H); and edges dened as follows: (u1; v1) is adjacent to (u2; v2)
if either u1 is adjacent to u2 in G, or u1 = u2 and v1 is adjacent to v2 in H .
Proposition 6. For connected UB-graphs G and H where jV (G)j>2 and jV (H)j>2;
G[H ] is a UB-graph if and only if H is a complete graph.
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Proof. Let (u; x) be a vertex of G[H ]. Since G is connected and jV (G)j>2, there
exists a vertex v in G adjacent to u. If H is not a complete graph, then there exist non-
adjacent vertices y; z in H . Then (u; x)(v; y); (u; x)(v; z)2E(G[H ]) and (v; y)(v; z) 62
E(G[H ]). Thus NG[H ]((u; x)) is not clique and (u; x) is not a simplicial vertex. Thus
G[H ] is not a UB-graph.
Conversely, we assume that H is a complete graph. Let G= fG1; G2; : : : ; Gmg be an
edge clique cover of G. Then G[H = fG1V (H); G2V (H); : : : ; GmV (H)g is an
edge clique cover of G[H ] satisfying the conditions of Theorem 1. Thus G[H ] is a
UB-graph.
6. The normal product of upper bound graphs
The normal product G ?H of two graphs G and H is the graph with the vertex set
V (G ?H)=V (G)V (H); and edges dened as follows: (u1; v1) is adjacent to (u2; v2)
if one of the following holds: (1) u1 is adjacent to u2 in G and v1 is adjacent to v2 in
H , (2) u1 = u2 and v1 is adjacent to v2 in H , (3) u1 is adjacent to u2 in G and v1 = v2.
For posets P and Q, the product of P and Q is the poset PQ on the Cartesian
product of the element set of P and the element set of Q such that (u; x)6PQ (v; y)
if u6P v and x6Q y. By these denitions we obtain the following fact. For UB-graphs
G and H , G ?H is a UB-graph of a poset PG PH ; where PG and PH are posets whose
UB-graphs are G and H . Therefore we have the following result.
Proposition 7. For UB-graphs G and H; G ?H is a UB-graph.
7. The conjunction of upper bound graphs
The conjunction G ^H of two graphs G and H is the graph with the vertex set
V (G ^H)=V (G)V (H), and edges dened as follows: (u1; v1) is adjacent to (u2; v2)
if u1 is adjacent to u2 in G and v1 is adjacent to v2 in H . If E(G)= ; or E(H)= ;,
then E(G ^H)= ; and G ^H is a UB-graph. In the following we consider the case
E(G) 6= ; and E(H) 6= ;.
Lemma 8. For connected UB-graphs G and H where jV (G)j>2 and jV (H)j>2; if
G ^H is a UB-graph; then both G and H do not contain complete graphs K3.
Proof. We assume that G contains a complete graph K3. Let CG be a maximal clique of
G and V (CG)= fu1; u2; : : : ; ung (n>3). Since H is connected and jV (H)j>2; for each
vertex x, there exists a vertex y adjacent to x in H . Then (ui; x)(uj; y); (ui; x)(uk ; y)
2E(G ^H) and (uj; y)(uk ; y) 62E(G ^H). Hence (ui; x) is not a simplicial vertex.
Therefore, if G ^H is a UB-graph, then there exists a simplicial vertex (v; z) adja-
cent to (ui; x) and (uj; y). Then (uj; x) is adjacent to (v; z), but is not adjacent to
(ui; x). This is a contradiction and G ^H is not a UB-graph.
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We also know the following facts. If a UB-graph G does not contain K3, then G
also contains no P4. If a connected graph G contains neither K3 nor P4; then G is a
star graph K1; n. By these facts and Lemma 8 we obtain the following result.
Proposition 9. For connected UB-graphs G and H where jV (G)j>2 and jV (H)j>2;
G ^H is a UB-graph if and only if G=K1; n and H =K2.
Proof. Since K1; n ^K2 =K1; n [K1; n; K1; n ^K2 is a UB-graph. Conversely we assume
that G ^H is a UB-graph. By Lemma 8, G=K1; n and H =K1; m. If n; m>2; G ^H =
K1; nm [Kn;m. Since Kn;m is not a UB-graph, G ^H =K1; nm [Kn;m is not a
UB-graph.
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